We consider the decay rate for scalar fields in Kerr spacetime. We consider pure initial (azimuthal) multipoles ℓ ′ with respect to the class which includes Boyer-Lindquist coordinates, and focus attention on the decay rate of the multipole ℓ. We use an iterative method proposed by Gleiser, Price, and Pullin, and identify the mode coupling mechanism through the iterations in powers of the square of the Kerr black hole's specific angular momentum that gives rise to a decay rate formula recently proposed by Zenginoglu, Khanna, and Burko. Modes ℓ may be excited through different channels, each leading to its own decay rate. The asymptotic decay rate of the mode ℓ is the slowest of the decay rate of the various channels. In some cases, more than one channel leads to the same decay rate, and then the amplitude of the mode is the sum of the amplitudes of the partial fields generated by the individual channels. We also show that one may identify the asymptotically-dominant channel of mode excitations, and obtain approximate results for the mode of interest by studying the dominant channel. The results of the dominant channel approximation approach the full-mode results at late times, and their difference approaches zero quadratically in inverse time.
The approach we undertake is the approach first proposed by Gleiser, Price, and Pullin (hereafter, GPP) [26] . GPP expand the field and the wave operator in powers of (a/M ) 2 , where M is the Kerr black hole's mass and a is its specific spin angular momentum, and solve the field equations iteratively. The greatest benefit of the GPP approach is that the principal symbol of the resulting partial differential equations is just that of wave evolution in Schwarzschild spacetime, so that one may readily cast the field equations in (1+1)D, using, e.g., the characteristic methods that proved to be very effective for Schwarzschild wave evolution. The iterations couple modes of different multipoles ℓ, and the effective potential at each iteration depends only on the multipole of the mode for which one solves. The coupling to other modes takes place only in the source term of the individual mode equations. These great benefits of the GPP approach are met with a practical difficulty: for each initial mode -final mode pair of interest one needs to write the field equations of the various modes ad hoc. Therefore, the elegance of the approach and the simpler numerical framework are offset by the analytical derivation of the equations to solve. Notably, the evolution of any multipole mode ℓ can be found accurately using modern (2+1)D approaches, such as those used recently by [18, 22, 23, 25] . The benefit of the GPP approach that we employ here is that it allows us to track the intricate mode coupling mechanism in order to better understand the results proposed by ZKB, and determine the decay rate of sub-dominant modes that would become dominant at asymptotically late times.
The source term in each GPP partial differential equation is a sum of terms that typically involve several modes of lower-order in the iterative scheme. One may view each inhomogeneous equation as an effective equation that sums the contributions of excitations through various channels, each channel going through a different route in an iteration order -multipole chart. There are multiple channels through which a particular mode is excited. Each channel leads to a particular asymptotic decay rate. Sometimes more than just one channel leads to the same asymptoticallydominant decay rate, in which case all such channels need to be considered simultaneously. In other cases there is a unique asymptotically-dominant channel. Understanding the general features of the mode coupling mechanism allows us also to identify the dominant channel of excitation. We propose an approximation to the full mode-coupling scheme that utilizes the dominant channel only, neglecting asymptotically sub-dominant channels. We justify the use of the dominant channel approximation and show that its results approach asymptotically the results of the full-mode scheme. The latter approach makes the GPP formalism from the computational point of view a very efficient one. This Paper is organized as follows. In Section II we review the GPP formalism, in Section III we apply the GPP formalism to a specific explicit case, specifically the case ℓ ′ = 2, and in Section IV we propose the dominant channel approach, and apply it to the cases ℓ ′ = 2, 4, and 6.
II. THE GLEISER-PRICE-PULLIN (GPP) FORMALISM
The Kerr metric in Boyer-Lindquist coordinates (t, r, θ, ϕ) reads
where Σ := r 2 + a 2 cos θ 2 , and △ := r 2 + a 2 − 2M r. We denote the mass of the Kerr spacetime by M , and its specific angular momentum by a. We use geometrized units in which G = c = 1.
The original Boyer-Lindquist radial coordinate r is uncomfortable to work with numerically in the GPP framework, as certain source terms diverge approaching the EH, rendering corresponding evolution equations divergent. Following GPP we introduce a new radial coordinate ρ(r, a), defined by
for which the event horizon (EH) is always located at ρ EH = 2M , independently of a. In Appendix A we list some of the mathematical properties of working with the ρ coordinate. We next specialize to even modes (odd modes are not excited by an even initial data mode), although a similar framework can readily be written for odd modes too. The scalar-field (s = 0) azimuthal (m = 0) wave equation is
Following GPP we expand the field in powers of a 2 to order N as
and the Teukolsky operator is correspondingly expanded as
The iterations satisfy
where N is the iteration order (such that we have N + 1 evolution equations), or explicitly to N = 6
and the differential operators L (2n) are listed in Appendix B. The main properties of these operators are that, as pointed out by GPP, only the L (2) operator depends on the angular coordinate θ (and therefore is the only operator that is responsible for the coupling of different multipoles), that only L (0) includes the angular differential operator, and that all operators L (2n) with n ≥ 2 are homogeneous temporal differential operators. We write each mode ψ
] is then given by
where we denote :=
We further write Fig. 1 . Notice that channels (viii), (ix), and (x) include direct coupling between modes that are separated by more than one order.
The numerical evolution scheme used in this paper is based on a characteristic grid that utilizes the ρ * (see Eq. (A2)) and t coordinates. Such a characteristic approach utilizes no boundary conditions. The code converges globally with that excites through k = 4(2), 4(3) and 4(4) (Channel (ii)). The thin curves are excitations that couple directly modes separated by more than one order (Channels (viii), (ix), and (x)). In the dominant channel approximation we compute only the channels indicated by solid arrow, and neglect all other channels.
second order. The grid separation that was used in this work take values given by, ∆ρ * = ∆t = 0.035 horizon radii with the overall mass-scale set in practice as M = 0.5 horizon radius. The initial data for the zeroth order field in all studied cases, was chosen to be a smooth Gaussian distribution centered at ρ * = 0 with a width of 8.0 horizon radii. For all higher-order fields, the initial data were set equal to zero. All fields were evolved simultaneously using the same characteristic evolution scheme. All ℓ ′ = 2 cases were performed in quadruple precision (128-bit). The ℓ ′ = 4, 6 cases were performed in octal precision (256-bit).
The quadrupole field f 2 is given to order N by
The fields f that shows that at very late times it would be the dominant mode. This is one of the benefits of the GPP approach: it allows us to find the ultimate dominant mode even when it is still subdominant. A (2+1)D approach would require much longer evolution times for the same initial data set to find the dominant mode, as the f 2 field is dominated here until high values of the time parameter by its initial mode f (0) 2 . We write the late-time behavior of the mode f (2n) ℓ ∼ t n . We find the decay rates 2 shown in Table I .
The asymptotic decay rates of the field modes with ℓ ′ = 2. At each expansion order in a/M we list the asymptotic decay rate n of each ℓ mode. In bold face we show the dominating order for each ℓ mode. In brackets we show expected decay rates we cannot resolve numerically with quad precision. for (2n) = 0 (thin solid curve),2 (dashed curve), 4 (dash-dotted curve), and 6 (thick solid curve). At late times the mode corresponding to (2n) = 4 dominates. The asymptotic decay rate of the (2n) = 6 mode is the same as that of the (2n) = 4, but this evolution is not long enough to show that. The eventual dominant mode is shown with a thicker curve.
For each multipole ℓ, the field is given by
so that clearly ψ ℓ is dominated at late time by the slowest decaying ψ
. This table is fully consistent with the proposal of ZKB, that is it suggests that the dominant decay rate for the ℓ mode is given by −n = ℓ ′ + ℓ + 1. Specifically, in order to track the mode coupling mechanism, we separate the various source terms, and solve independently for each source term. The full solution is then just the sum of the solutions of the individual source terms for each equation. We choose to demonstrate the tracking of the excitation of the mode f (6) 2 for two reasons: first, because in Fig. 2 we were unable to find its asymptotic decay rate, and second, because we expect it to have two dominant sources that contribute comparably. Specifically, both the source term that couples tof decay at late times like t −5 , and therefore will dominate at late times (all the other source terms decay faster).
We therefore split the equation for the f mode. Specifically, we write
where f 
2 [1] dominates at late times, the evolved tail portion of the field is dominated by the f (6) 2 [6] partial field. Longer evolution is needed in order to have the mode f The benefit of the GPP approach is that it allows us to recognize a subdominant partial field, that would become dominant at asymptotic times. Notice also that the partial field f (6) 2 [4] in itself is not yet asymptotic, but rather is shown in a regime which is intermediate. We discuss the partial field f (6) 2 [4] in greater detail below. We find that ∆ to be considered. Figure 4 does not include information about the case k = 4(2), because it is too noisy due to the second spatial derivative in the source. We present in Fig. 5 the result that the k = 4(2) case decays with the same rate as the three cases shown in Fig. 4 by plotting the ratios f
2 [(4(4)] for k = 1, 4(2) and 4(3). When this ratio approaches a non-zero constant as M/t → 0, the two decay rates are asymptotically equal, and the limiting ratio is the ratio of amplitudes. We therefore infer that the late-time partial field f is dominated by k = 1, and that the contributions of k = 4(2), 4(3) and 4(4) are an order of magnitude smaller than the contribution of k = 1. However, to find the full partial field, one needs to include those contributions too.
In Table II we show the asymptotic decay rates of the partial fields, and also the decay rates of the respective source terms in Eqs. (E2)-(E7) and Eqs. (E9)-(E12). We find correspondence of the decay rate of the partial field and the decay rate of the source term. As expected for linear differential equations, the same decay rate of the source term leads to the same decay rate of the partial field. Notably, the field in the source term that couples to the k = 1 case is different from the field in the source term that couples to the k = 4(j) cases. Therefore, the dominant channel of excitation bifurcates, and exhibits a more complex structure than that proposed by GPP. (One may also say that there are two dominant channels with the same asymptotic decay rates.) Figure 1 shows the dominant channel of mode excitation for the mode f /f
, and f
. Thick curves are the computed ratios. The thin curves are quadratic extrapolations to asymptotically late time.
operator for the case k = 1 is a second-order temporal differential operator, whereas the differential operator for the case k = 4 (more specifically, the cases k = 4(2), 4(3), 4(4)) includes terms with no temporal differentiation.
Based on our reasoning, we predict that a similar analysis of the mode f would produce results analogous to those appearing in Table II . These predicted values appear in Table III . We were able to check only in part the entries in Table III due to the high level of numerical noise. . In brackets we show estimated values. The combination of all the terms in brackets decay with rate of −7. k 1 2 3 4(1) 4(2) 4(3) 4(4) 5 n -5 -7 -9 (-9) (-7) (-7) (-7) -7 m -5 -9 -11 -9 -7 -7 -7 -9
IV. SPECIALIZING TO THE DOMINANT CHANNEL
Our discussion in the preceding Section allows us to identify the dominant channel given the initial multipole ℓ ′ and the multipole of interest ℓ. Evolving the field equations for the dominant channel only is much simpler, as there are fewer equations, and the structure of the equations is simpler. On the other hand, by analyzing the dominant channel only, one may find the correct decay rate at asymptotically late time, but only an approximation for the amplitude of the field. Below, we show that this approximation is improving fast at very late times.
We illustrate the method to identify the dominant channel with an explicit example. Consider ℓ ′ = 2 and ℓ = 2. In this case we showed above that the asymptotic decay rate is −n = 5, and that this rate is first achieved at order (2n) = 4. At zeroth ((2n) = 0) and first ((2n) = 2) orders we fnd that the decay rates are given by −n 2 , we notice there are five source terms. The source terms decay at different rates at late times, so that we may evaluate which one dominates. Specifically, f
Clearly, at late times the mode f mode. Therefore, the dominant channel for this case is f
2 . Similar considerations allow us to identify the dominant channel in all other cases too. We comment that at earlier times other channels may overwhelm the asymptotically dominant channel. The latter dominates only at very late times.
We focus attention on three test cases: first, the case ℓ ′ = 2, ℓ = 0, 2, 4, 6, second ℓ ′ = 4, ℓ = 4, and third, the case ℓ ′ = 6, ℓ = 0, 2, 4, 6.
TABLE IV: The asymptotic decay rates of the fields of the dominant channels described in Sections IV A (curly brackets), IV B (square brackets) and IV C (no brackets). In round brackets we show expected decay rates we cannot obtain due to numerical errors. A. The case ℓ ′ = 2, ℓ = 0, 2, 4, 6
Our first case is ℓ ′ = 2, and ℓ = 2, 4 or 6. For the channel of interest we take
The field equations are listed in Appendix H. This case is of particular interest, because it allows us to compare the accuracy of the dominant channel approximation with the full set of equations studied in Section III. Naturally, the fields ψ (0) 2 and ψ (2) 0 are each identical between the full and approximate calculations, because their respective field equations are exactly the same. We do not expect a good agreement between the dominant branch fields and the full fields at early times. Indeed, the essence of the approximation is to evaluate the dominant contribution to the source term based on the asymptotic behavior, and discarding the source terms that are subdominant asymptotically. As is clearly the case, asymptotically subdominant fields may be important at earlier times.
In Fig. 6 we show the ψ
2 field from the full computation of Section III and from the dominant channel approach we are using here. Clearly, they both have the same asymptotic decay rate. Indeed the two fields are very different at early times, but converge at late times. To quantify the agreement we define the relative difference of the two results, specifically, R
ℓ, full , and plot in Fig. 7 R (2n) ℓ as a function of (inverse) time for the three non-trivial fields. We find that at late times the difference between the two fields, R (2n) ℓ , approaches zero like t −2 (see Fig. 8 ). We infer that at very late time indeed the dominant channel approach is very useful not just in finding the decay rate of the field of interest, but also in finding its amplitude. We are looking for the case ℓ ′ = 4, ℓ = 4. The dominant channel of excitations includes the following fields.
4 (t, ρ)P 4 ( cos θ) .
The respective equations governing these fields are listed in Appendix F. The fields are shown in Fig. 9 . This case was already studies in (2+1)D by ZKB, who found −n = 9 for the mode of interest. Our GPP approach allows us to track how this asymptotic decay rate of −n = 9 comes about. The initial data with multipole ℓ ′ = 4, or zeroth order field ψ (0) decays asymptotically as −n = 2 × 4 + 3 = 11. At order (2n)=2 the field ψ (2) decays asymptotically as −n = 4 + 2 + 1 = 7, at order (2n)=4 the field ψ (4) decays asymptotically as −n = 4 + 0 + 1 = 5, at order (2n)=6 the field ψ (6) decays asymptotically as −n = 4 + 2 + 1 = 7, and at order (2n)=8 the field ψ (8) decays asymptotically as −n = 4 + 4 + 1 = 9. Both the fields ψ (0) and ψ (8) are multipoles with ℓ = 4, but the latter decays slower at late times, and therefore will asymptotically dominate, even though it is many orders of magnitude smaller in amplitude than the former over the length of our numerical simulation, as shown in Fig. 9 . In Fig. 10 we show the local decay rates of the five modes computed in the dominant channel. Again, the GPP approach allows us to determine the asymptotic decay rate even though the mode in question is subdominant. If one were to solve for the full ℓ = 4 multipole, the required evolution would have to be much longer to find the asymptotic behavior instead of an intermediate behavior. (thick solid curve).
Our next case is ℓ ′ = 6, and ℓ = 0, 2, 4 or ℓ = 6. For the channel of interest we take
(t, ρ)P 6 ( cos θ) .
The field equations are listed in Appendix G. The fields are shown in Fig. 11 and the corresponding local decay rates are shown in Fig. 12 . The small amplitude of high-order excitations is shown here in a sharp way: numerical noise is obtained early for the f field, so that we cannot determine with much accuracy the respective asymptotic decay rates with our computation. The decay rates for the fields we can compute are all in agreement with the proposed formula: the mode the includes the initial data decays at late times as −n = 2ℓ ′ + 3, and all other excited modes decay as −n = ℓ ′ + ℓ + 1. The radial coordinate ρ is defined in Eq. (2) as
The following relations prove to be useful:
(which defines the 'tortoise' coordinate, ρ * = ρ + 2M log
The differential operators that appear in Eq. (6) are given by: In construction of the field equations, the following identities are useful. These are the identities that govern the mode coupling. sin 2 θ P 0 ( cos θ) = − 2 3 P 2 ( cos θ) + 2 3 P 0 ( cos θ) 
